In this paper, the approximate analytical solutions of a general diffusion equation with fractional time derivative in the presence of a linear external force are obtained with the help of the homotopy perturbation method (HPM). The explicit solutions of the problem for the initial condition as a function of x have been obtained. It reveals that a few iterations are needed to obtain accurate approximate analytical solutions. The numerical calculations are carried out when the initial conditions are like exponential and periodic functions and the results are depicted through graphs. The examples prove that the method is extremely effective due to its simplistic approach and performance.
Introduction
The simple fractional diffusion equation is given by ∂ α u(x,t)
For the whole hierarchies of moments, M k (t) = x k (t) have the same time dependence as in the case of fractional Brownian motion (FBM), which can be observed from the expressions M 2k (t) = Γ (2k + 1)
Though they have similar scaling properties, it is seen that u(r,t) = u FBM (r,t) and they have different asymptotic decays. This idea is also true for a general fractional diffusion equation. The analytical fractional diffusion equation is governed by the equation
with the initial condition
0932-0784 / 10 / 0100-0053 $ 06.00 c 2010 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com where ∂ α ∂t α (•) is the Caputo derivative of order α, u(x,t) represents the probability density function of finding a particle at x in the time t, f (x) is the external force. This type of problem has already been solved by Saha Ray and Bera [1] for some particular cases with initial conditions u(x, 0) = 1 and X, when α = 1 2 and f (x) = −x by using the Adomian decomposition method. But the disadvantage of the Adomian method is that the solution procedures of finding Adomian polynomials are cumbersome. Recently, Das [2] has solved the problem of general order α with u(x, 0) = 1, x, x 2 , and f (x) = −x, by using the powerful variational iteration method (VIM). In this solution the authors have claimed that the displacement decreases with the increase of Brownian motions α = But to the best of the authors' knowledge, the solution of the general equation (3) with the initial condition as any function of x given in (4) has not yet been solved by any researcher. No analytical method for solving such equations was available before 1998; this is also true for linear fractional differential equations. In 1998, the variational iteration method was first proposed to solve fractional differential equations with greatest success [3] . Following this work, many authors such as Odibat and Momani [4] , Momani and Odibat [5] , Ganji et al. [6] , Das [7] etc. found VIM is an effective way to solve fractional equations: both linear and nonlinear. In 2008, Momani et al. [8] , Odibat and Momani [9] compared the solution procedure of VIM with HPM. In the present study the authors have solved (3) with the help of the homotopy perturbation method, which was first proposed by He [10, 11] and subsequently implemented by other researchers [12 -25] . The approximate analytical solution of u(x,t) is deduced for a number of particular cases. The main advantage of the HPM is that it reduces both nonlinear differential equations and fractional linear differential equations to a series of ordinary differential equations, which are easy to solve for any order of approximations, as and when required. Here a sincere attempt is made to solve the problem for the initial conditions u(x, 0) = cos x and e x , which is discussed in the Section 4 (Numerical Results and Discussion). So far as the authors' knowledge goes, this method is a novel technique to solve problems specified above.
Solution of the Problem
Equation (3) can be written in operator form as
According to the homotopy perturbation method, we construct the following homotopy:
where the homotopy parameter p is considered as a small parameter (p ∈ [0, 1]). In case p = 0, (6) becomes a linear equation, D t α u = 0, which is easy to be solved [23 -25] . Now applying the classical perturbation technique, we can assume that the solution of (3) can be expressed as a power series in p as given below:
When p = 1, (6) corresponds to (5) and (7) becomes the approximate solution of (5) i. e., of (3). The convergence of the method has been proved in [11] . Substituting (7) for (6), and equating the terms with the identical powers of p, we can obtain a series of equations:
and so on. The method is based on applying the operator J α (the inverse of operator D t α ) on both sides of (8) - (12) . We obtain:
where f (r) (x) = ∂ r ∂x r ( f (x)) and g (r) (x) = ∂ r ∂x r (g(x)).
Proceeding in this manner the components u n , n ≥ 0, of the HPM can be completely obtained and the series solutions are thus entirely determined.
Finally, we approximate the analytical solution u(x,t) by the truncated series
where Φ N (x,t) =
u n (x,t).
Particular Cases
Case I: If f (x) = −x and g(x) = 1, then
where E α (t α ) is the Mittag-Leffler function in one parameter. This result is the same as the result of Saha Ray and Bera [1] and Das [2] .
This result is the same as the results of Saha Ray and Bera [1] and Das [2] .
where k 1 r = x 2 + (1 + x 2 )(3 r − 1). This result is the same as the result of Das [2] . 
Case IV: If f (x) = −x and g(x) = x 6 , then
where k 2 r = [7 r x 6 + 30α r x 4 + 360β r x 2 + 720δ r ], α r = 
Numerical Results and Discussion
In this section, the numerical results of the displacement u(x,t) for fractional Brownian motions with different values of α, like α = It is shown in the results of Das [2] , that the increase of u(x,t) becomes higher as the integral power of n of the initial condition g(x) = x n increases. In view of this result, an effort has been made to truncate the result series while calculating u(x,t) for both g(x) = cos x and g(x) = e x . Since the presence of an exponential gives rise to an infinite series, for all practical considerations, we shall specify certain ranges for t and x as in (0 < t < 1) and (0 < x < 1) during numerical computation. The results are shown graphically. It is seen from the figures that for both cases u(x,t) increases with the increase in t and decreases with the increase of α, which is expected and conform with the decay of regular Brownian motion already determined by Giona and Roman [26] .
Conclusion
There are two important goals that we have achieved by this study. First, employing the powerful HPM to investigate the general diffusion equation for different particular situations and, second, in showing its significant features.
HPM is a powerful mathematical tool which reduces the nonlinear problems to a set of ordinary differential equations to get the approximate analytical solution easily. In this study HPM requires less computational work to solve fractional diffusion equation than other reliable methods like VIM (Das [2] ). Moreover it does not require small parameters in the equations which overcome the limitations of traditional perturbation techniques. This method is very convenient and effective in supplying quantitatively reliable results.
The most important outcome of the study is to present the scaling property of a fractional vibration equation to that of fractional Brownian motion (FBM) and the explanation of the decay of u(x,t) with the increase of fractional time derivative α which has been shown both theoretically and numerically. The authors expect that the present study will considerably add value to the literature beyond the usual approach and this will considerably benefit the mathematicians and engineers working in this field.
